Abstract. We use an elementary argument to prove some finite sums involving expressions of the forms (q)n and (a ; q)n along with inductive formulas for some sequences.
Introduction
Throughout the paper we will be using the following notation. For complex numbers q and a let (1 − aq k ), |q| < 1.
On taking the logarithm and differentiating with respect to q in the generating function for the partition function p(n)
we obtain the following well-known inductive formula for the function p(n)
see for instance Apostol [2] . In general, if a(n) is an arithmetic function with generating function
then it is classical to take logarithms and to differentiate with respect to q to get inductive formulas for a(n), see Apostol [2] and Robbins [5] . In El Bachraoui [4] this approach has been extended to the case
. . , α are arithmetic functions, and f = (f 1 , f 2 , . . . , f α ).
In this note we shall consider products of the form
for complex constants a 1 , . . . , a r , b 1 , . . . , b r and arithmetic functions f 1 , . . . , f r . However, after taking logarithms we shall differentiate with respect to t rather than q. As a result we will prove the following theorems.
Theorem 1.
If n is a positive integer and q is a complex number such that |q| < 1, then
Theorem 3. Let n be a positive integer and let a and q be complex numbers such that |q| < 1. Then
where n j is the Gaussian polynomial given by
We have the following inductive formula for H n (x).
Theorem 4.
.
We note that the sequence Λ n is related to the number c m (n) of partitions (λ 1 λ 2 . . . λ s ) of n such that m ≥ λ 1 , λ s = 1 or 3, and for 1 ≤ i ≤ s we have λ i − λ i+1 ≥ 6 with strict inequality if λ i+1 ≡ 0, 1 or 3 (mod 6). Refer to Andrews[1, p. 118] for more details. The following result is an inductive formula for Λ n .
Theorem 5. If n is a positive integer and q is a complex number such that |q| < 1, then
Main Theorem and its proof
Main Theorem. Let a 1 , . . . , a r , b 1 , . . . , b r be complex numbers, let α 1 , . . . , α r , β 1 , . . . , β r be nonnegative integers, and let f 1 , . . . , f r be arithmetical functions such that the product
and the series
converge absolutely for |q| < 1 and |t| < 1 and represent analytic functions in the unit disk |t| < 1 for |q| < 1. If F q (t) = ∞ n=0 A q (n)t n , then A q (0) = 1 and for all n ≥ 1 we have
Proof. It is clear that A q (0) = 1. Now suppose that n ≥ 1. It is easily seen that the second identity of formula (2) holds. Further we have
from which it follows that 
or equivalently,
which after equating coefficients gives the desired identity.
Proofs
We note that the well-know facts used in the proofs are all found in Andrews [1] or Berndt [3] .
Proof of Theorem 1. (a) A well-known result of Euler states that
Then an application of Main Theorem to r = 1, a 1 = 1, b 1 = 1, α 1 = 1, β 1 = 0, and f 1 (n) = n gives
and therefore by identity (2) we have for all n ≥ 1 that
By another result of Euler we have
Then by Main Theorem applied to r = 1,
and thus by formula (2) n q
which completes the proof. Proof of Theorem 2. By Euler's formulas (3) and (4) we have
Now apply Main Theorem to the last identity with r = 2, a 1 = 1,
and to deduce the desired formula from identity (2) . Proof of Theorem 3. By a well-known result of Cauchy, also referred to as the q-analogue of the binomial theorem, we have for |q| < 1 and |t| < 1
Letting in Main Theorem, r = 2, a 1 = a, a 2 = 1,
which completes the proof. Proof of Theorem 4. It is well-known that
Now apply Main Theorem to r = 2, a 1 = b 1 = 1, α 1 = 1, β 1 = 0, f 1 (n) = n, a 2 = x, b 2 = 1, α 2 = 1, β 2 = 0, and f 2 (n) = n to get h(m) = 2 + m|k 2q k = 2 1 − q m , and to derive the desired identity.
Proof of Theorem 5. The left hand side of identity (1) Appealing to Main Theorem with a 1 = a 2 = a 3 = −1, a 4 = 1, b 1 = b 2 = b 3 = −1, b 4 = 1, α 1 = α 2 = α 3 = α 4 = 6, β 1 = 2, β 2 = 4, β 3 = 5, β 4 = 0, f 1 (n) = f 2 (n) = f 3 (n) = −n, and f 4 (n) = n yields h(m) = (−1) m+1 (q 2m + q 4m + q 5m ) + (−1)
m+1 (q 2m + q 4m + q 5m ) + 1), which if put in formula (2) gives the desired identity.
